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In addition to the usual superconducting current, Josephson junctions (JJs) support a phase-
dependent conductance related to the retardation effect of tunneling quasi-particles. This introduces
a dissipative current with a memory-resistive (memristive) character and thus should also affect the
current noise. By means of the microscopic theory of tunnel junctions we compute the complete
current autocorrelation function of a Josephson tunnel junction and show that this memristive
component gives rise to a non-stationary, phase-dependent noise. As a consequence, dynamic and
thermal noise necessarily show a phase dependence otherwise absent in nondissipative JJ models.
This phase dependence may be realized experimentally as a hysteresis effect if the unavoidable time
averaging of the experimental probe is shorter than the period of the Josephson phase.
I. INTRODUCTION
The Josephson junction (JJ) [1, 2] is the basic circuit
element of superconducting electronics. Formed by a tun-
neling barrier between two superconductors, its primary
feature is the nondissipative supercurrent IS = Ic sin γ(t)
(Josephson current), where Ic is the critical current
and γ(t) is the gauge-invariant phase difference between
the order parameters of the two superconducting elec-
trodes [3]. In Josephson’s original work [1] it was shown
that in addition to the supercurrent a JJ supports a
phase-dependent and dissipative current IM = G(γ)V ,
with V the voltage drop across the junction.
This phase-dependent conductance (PDC) G(γ) ∼
cos γ is often referred to as the ‘cos’ term and arises from
the imaginary part of the superconducting response func-
tion [1, 2, 4]. As such, it has been interpreted as a conse-
quence of the retarded phase-current response [5–8], ac-
counting for the finite response time of the junction, or as
an interference effect between quasiparticle and Cooper
pair currents [1, 3]. A microscopic interpretation is sup-
plied by the second-quantized form of the response [2, 9]
which shows the breaking, tunneling, and subsequent re-
formation of a pair. These two pair tunneling processes
are illustrated schematically in Fig. 1. Irrespective of in-
terpretation, it is a memory resistive (memristive) com-
ponent since it gives rise to hysteretic behavior under
specific driving conditions [10].
BCS theory cannot account for the measured value
of the PDC in tunnel junctions [11, 12], point con-
tacts [13, 14] or weak links [15–17]. Several effects may
account for such discrepancy (see, e.g., Ref. [8]), but so
far very few studies have been carried out to unravel the
consequences of such memristive component. Recently,
the PDC has been discussed theoretically in Refs. [18, 19]
and studied in an experiment on fluxonium qubits [20]
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FIG. 1. A schematic representation of a JJ illustrating the
two pair tunneling processes and the RSJ model equivalent
circuit. Pairs in the left electrode with phase φ1 may tunnel
to the second either directly as shown by the upper arrow
(IS) or by breaking, tunneling as separate quasiparticles and
re-pairing with phase φ2, as shown by the lower arrow (IM ).
In the low voltage/frequency limit, the TJM model is well
approximated by the RSJ model given in equation (7) and
shown across the tunneling barrier (yellow). This consists of a
displacement current, C dV
dt
, resistive current IR, supercurrent
IS and a memristive component IM = εGLV cos γ.
aimed at understanding quasiparticle-induced decoher-
ence in superconducting qubits [21–29]. In a recent pub-
lication [10], two of us (SP and MD) have proposed a
two-junction interferometer to isolate the PDC from the
nondissipative pair current, allowing for a more detailed
study of its properties and extraction of its hysteretic fea-
tures. The question then naturally arises as to whether
other fundamental properties of JJs are affected by this
memristive component.
The fluctuation-dissipation theorem suggests that the
PDC should lead to a similar phase-dependent current
noise. With the possibility of isolating the PDC and
the accessibility of electronic measurements reaching into
the Josephson frequency range, such non-stationary noise
processes may become important for the interpretation of
experiments and technological applications. For exam-
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2ple, in the interferometer mentioned above measurement
of phase-dependent noise would allow the determination
of the junction phase without access to the supercurrent
or applying a voltage, thus providing an avenue for non-
destructive readout of the device state. The question
is what type of phase-dependent noise such memristive
component would induce in JJs, and how best it can be
experimentally observed.
In this article, by means of the microscopic theory of
tunnel junctions we compute the complete current auto-
correlation function of a Josephson tunnel junction. The
resulting function contains a modulation which, in appro-
priate limits, takes a form ∝ cos γ(t). We pay particular
attention to the effects of corrections to the BCS result
on the subgap current response. The correction to the
response functions, introduced to match the experimen-
tally observed broadening of the Riedel peak, also affects
the subgap current response and magnitude of the noise.
We demonstrate that the expected noise variation due to
the phase-dependent dissipative current is comparable to
the averaged noise present at frequencies below Vg =
2∆
e
and thus we expect it to be detectable in experiments.
That such a modulation exists has been noted previ-
ously in Ref. [30] but in subsequent considerations the
time average of the spectrum has been taken and the
phase dependence was assumed to vanish. However, in
the thermal limit of the noise the phase of the junction
may be kept stationary and thus it does not vanish even
in a time average. Phase-dependent thermal noise has
also been predicted in quantum point contacts [31] al-
though the form is quite different from that expected in
tunnel junctions. In Ref. [31] the dominant contribution
to the noise comes from bound states whose energies lie
within the gap and we suspect a similar role may be
played by the sub-gap currents due to impurities in a
tunnel junction.
In biased junctions, due to the unavoidable time av-
eraging, a phase-dependent power spectrum cannot be
defined for frequencies less than ωJ . We demonstrate in-
stead that a phase dependence can still be expected in
the limit ω > ωJ . Here we distinguish between the sub-
gap, ω < ωg, and quantum noise, ω > ωg, regimes and
calculate the expected phase dependence in each. As the
Josephson frequency is in the GHz range, measurement
of this phase dependence will require both high-frequency
and short-time resolution. Experimental systems de-
signed for probing the quantum noise limit of mesoscopic
systems have reached frequency-resolved measurements
on the order of 100 GHz [32] and could potentially be
adapted to the detection of such nonstationary processes.
II. PHASE-DEPENDENT CONDUCTANCE
In order to demonstrate the existence of phase-
dependence noise in JJs we make use of the tunnel junc-
tion microscopic (TJM) model [4] with a phenomenolog-
ical factor which smoothes the energy gap edge. This
FIG. 2. The Fourier transforms Im I˜p(ω) and Im I˜q(ω) of
the pair and quasiparticle response functions at T = 0 given
by equations (4) and (5). They are plotted in units of the
gap frequency ωg =
2∆
~ and the critical current Ic for κ =τg
2τr
= 0.03, 0.1. Note that the current response below the gap
frequency is enhanced with κ.
correction accounts for several deviations from BCS the-
ory observed in experiments, and also produces a linear
dependence of the subgap current on the smoothing pa-
rameter κ =
τg
2τr
. We thus expect that the magnitude of
the PDC and resulting noise will be strongly influenced
by the detailed structure of the junction.
The dynamics of a generic low-transparency JJ are
well described by second-order perturbation theory in the
tunneling matrix elements resulting in the tunnel junc-
tion microscopic (TJM) model where the total current
I = Ipair + Iqp is the sum of the pair current Ipair and
quasiparticle current Iqp given by,
Ipair(t) =
∫ t
−∞
dt′Ip(t− t′) sin
(
γ(t) + γ(t′)
2
)
(1)
Iqp(t) =
∫ t
−∞
dt′Iq(t− t′) sin
(
γ(t)− γ(t′)
2
)
. (2)
The time-dependent phase γ(t) results from a voltage
drop across the junction,
dγ
dt
=
2e
~
V (t). (3)
The material properties of the junction and supercon-
ducting electrodes are represented in the pair and quasi-
particle response functions Ip(t), Iq(t), respectively. We
choose the form given by BCS theory at T = 0 and with
superconducting energy gaps ∆1 = ∆2 = ∆. In this case,
the response functions have closed form,
Ip(t) = −2Ic
τg
J0
(
t
τg
)
Y0
(
t
τg
)
exp
(
− t
τr
)
(4)
Iq(t) =
2Ic
τg
J1
(
t
τg
)
Y1
(
t
τg
)
exp
(
− t
τr
)
− ~GN
e
δ′(t).
(5)
where Jn, Yn are the Bessel functions of the first and sec-
ond kind, δ′ is the derivative of the delta function, τg = ~∆
3the gap timescale, and we have included the phenomeno-
logical factor exp(−t/τr) mentioned above which cuts off
the algebraic decay of the Bessel functions at t > τr [4].
For our purposes it will be sufficient to consider a con-
stant voltage so that the presence of the PDC ∝ cos γ(t)
may be explicitly shown. The phase advances linearly in
time, γ(t) = ωJ t+ γ0 where we have defined the Joseph-
son frequency ωJ =
2eV
~ . The junction current may then
be written as
I(t) =Re I˜p
(ωJ
2
)
sin γ(t)−
Im I˜p
(ωJ
2
)
cos γ(t) + Im I˜q
(ωJ
2
)
(6)
where I˜p/q are the Fourier transforms of the response
functions. These may be evaluated in terms of elliptic
integrals and have been plotted in Fig. 2 for several val-
ues of κ =
τg
2τr
. The range κ = 0.03−0.1 gives reasonable
values of the peak broadening and we note that the re-
sponse for ω < ωg of Im I˜p/q increases with κ. Noting
that the imaginary parts of the response functions are
odd in ωJ it is convenient to define the conductances
Im I˜q(
ωJ
2 ) = σ0(V, T )V and Im I˜p(
ωJ
2 ) = σ1(V, T )V.
From Figure 2 we see that for voltages/frequencies small
compared to the gap voltage/frequency these are well
approximated by constants, and we can define the leak-
age conductance GL = σ0(V → 0, T ) and the ratio
ε = limV→0−σ1(V,T )σ0(V,T ) . Including the effects of a finite
capacitance and fluctuations, the total junction current
may then be written as,
I(t) = C
dV
dt
+GLV (1+ε cos γ(t))+Ic sin γ(t)+IF (t) (7)
where we have suppressed the dependence of the conduc-
tances on the temperature T , and regularization κ. The
equivalent circuit to equation (7) is given in Fig. 1 and
the TJM model is thus well approximated by the resis-
tively shunted junction model (RSJ) [4] with the phase
dependent conductance GL(1 + ε cos γ).
The ratio ε has been investigated in a number of exper-
iments on tunnel junctions [11, 12], weak links [13, 14],
and point contacts [15, 16], consistently finding ε ∼ −1 at
low temperatures in disagreement with BCS theory which
predicts ε > 0. This discrepancy may be accounted for
by including frequency broadening in the BCS result [4]
as we have done with the exponential factors in equations
(4) and (5). This may be physically attributed to a finite
quasiparticle lifetime, gap anisotropy and renormaliza-
tion [2]. The resulting sign and magnitude of ε varies
from -1 to 1 depending on the specific form of the reg-
ularization. The regularization scheme used here gives
ε ≈ − 13 and displays a weak dependence on κ. We inter-
pret this to mean that the specific microscopic details of
the junction may exert a strong influence on the quasi-
particle current, as can be seen in the enhanced subgap
response in Fig. 2. While the particular sign and value
of ε are not essential for our results, we emphasize that
both theory and experiment place the magnitude of the
phase dependence to be on par with the dissipative cur-
rent itself.
III. FLUCTUATIONS
The PDC should provide a contribution to the current
fluctuations according to the fluctuation-dissipation the-
orem. In fact the autocorrelation function of the noise
current IF (t) can be calculated from the microscopic the-
ory in the case of an arbitrary phase dynamics γ(t) [4, 33].
In the simple case of DC voltage bias the autocorrelation
function of the noise current reads
〈IF (t)IF (t′)〉S = e
4pi
∫ +∞
−∞
dω eiω(t−t
′) coth
~(ω + ωJ2 )
2kBT
×
[
Im I˜q(ω +
ωJ
2 ) + e
−i(γ0+ωJ t′)Im I˜p(ω + ωJ2 )
]
+
{
γ0 → −γ0
ωJ → −ωJ
}
.
(8)
where we denote the symmetrized autocorrelation func-
tion,
〈IF (t)IF (t′)〉S = 1
2
〈IF (t)IF (t′) + IF (t′)IF (t)〉 . (9)
As expected, the PDC does provide a contribution to
the fluctuations given by the term proportional to the
Fourier transform Im I˜p(ω) (see Fig. 2) which is modu-
lated by the phase factor e−i(γ0+ωJ t
′). Due to the mod-
ulating factor, the autocorrelation function is not sim-
ply a function of the time difference t− t′, which means
that the fluctuating current is not a stationary stochas-
tic process [34]. The autocorrelation function is only in-
variant under discrete time translations 〈IF (t)IF (t′)〉S =〈IF (t+ 2pi/ωJ)IF (t′ + 2pi/ωJ)〉S .
We characterize the noise with a quadratic time fre-
quency representation (TFR) defined by
TFR(ω, t) =
∫ ∞
−∞
dτ
2pi
e−iωτ 〈x(t+ τ)x∗(t)〉S (10)
which respects time and frequency shift covariance [35].
The averaging of the correlation function is performed for
a fixed time t over the thermal and quantum ensemble
of states of the electrodes, avoiding the time averaging
which is typically performed [30]. The nonstationarity
of the noise is reflected in the time dependence t about
which the decay of the correlation function localizes the
noise statistics. The resulting spectrum should display a
phase dependence ∝ cos γ(t) for frequencies larger than
the Josephson frequency ωJ .
4From (8) the TFR reads
TFR(ω, t) =
e
4pi
coth
~(ω + ωJ2 )
2kBT
×
[
Im I˜q(ω +
ωJ
2 ) + e
−i(γ0+ωJ t)Im I˜p(ω + ωJ2 )
]
+
{
γ0 → −γ0
ωJ → −ωJ
}
.
(11)
From here we examine the thermal and dynamic (“shot”)
noise limits of this expression.
A. Thermal Noise
The contribution to the noise power spectrum at zero
bias given by the PDC is discussed in Ref. [30]. How-
ever in this latter work the time-averaged autocorrelation
function was considered and, because of the modulating
factor, the phase-dependent noise averages to zero at fi-
nite bias. From our expression (11), we consider the limit
~ω, eV  kBT ,
TFR(ω, t) =
1
2pi
2kBTGL [1 + ε cos γ(t)] (12)
which leads to the autocorrelation function
〈IF (t)IF (t′)〉S = 2kBTGL(1 + ε cos γ(t′))δ(t− t′) . (13)
This limit is appropriate for |t − t′|  ~kBT . We thus
assume Eq. (13) to be valid for an arbitrary slowly vary-
ing function γ(t). This is justified since in this case the
system is never driven too far away from thermal equilib-
rium and the quasiparticle relaxation occurs on a small
time scale of the order of τg =
~
∆ ∼ ~kBT .
B. Dynamic Noise
We now consider the noise across a biased junction.
In the thermal noise limit, the junction retains some
memory of the initial conditions but over long times,
the stationary phase leads to stationary noise. In the
biased case, the averaging of the noise at low frequen-
cies limits the range in which we can observe a phase
dependence. In particular, if we consider the typical
shot-noise limit ~ωJ  kBT, ~ω we find TFR(ω, t) =
1
2pi eV GL [1 + ε cos γ(t)] however, the time averaging of
the noise for ω  ωJ makes the measurement of the
phase dependence impossible at present. We instead con-
sider the frequency range ωJ  ω  ωg where the ap-
proximate values of ωJ ≈ 109Hz, and ωg ≈ 1012Hz place
ω in the region 1010 − 1011Hz. Considering the limit in
which kBT → 0 we may write the TFR to lowest order
in ωJ as
TFR(ω, t) =
1
2pi
~ωGL [1 + ε cos γ(t) ] . (14)
FIG. 3. TFR(ω, t) plotted across a period of the Josephson
current. The Josephson frequency and κ have been chosen
for the intermediate values ωJ = 0.005ωg, κ = 0.05. The
spectrum is plotted in units of the gap frequency ωg and the
critical current times the electron charge eIc. The inset shows
the variation of the spectrum across a period at ω = 0.05ωg,
in which the cos γ(t) dependence is clearly visible. The func-
tional form derived in Eq. (14) applies for ω  ωg. At fre-
quencies above the gap, the phase dependence is strongly en-
hanced.
While this resembles a phase dependent quantum noise,
it applies in the limit ω  ωg where the current response
is due to the regularization and this term should be re-
served for the behavior at ω  ωg where the spectrum
indeed increases linearly with ~ω. The full spectrum has
been plotted in Fig. 3 across a period of the Josephson
current. Intermediate values have been chosen for the
Josephson frequency ωJ = 0.005ωg, and the regulariza-
tion κ = 0.05. In the inset, its variation with time shows
the cos γ(t) dependence of Eq. (14). The subgap noise
amplitude shows a linear dependence on κ in the range
of interest. While the form in (14) applies for ω  ωg,
Fig. 3 shows that in the true quantum noise limit ω > ωg
the phase dependence of the noise is strongly enhanced.
In the conclusion, we describe an experimental arrange-
ment to detect the phase dependence in this regime.
IV. CONCLUSIONS
We have shown that the dissipative cos γ(t) term in
the Josephson response gives rise to non-stationary noise
whose magnitude, in the thermal and dynamic regimes,
displays a similar cos γ(t) dependence. In an unbiased
junction, this gives rise to a modulation of the normal
thermal noise present at low frequencies with a magni-
tude of variation comparable to that of the thermal noise
itself. The presence of phase-dependent thermal noise in
the junction has not yet been observed experimentally.
In a biased junction, experimental confirmation re-
quires fluctuation measurements at very high frequency
5ω ∼ 1010 − 1011Hz with a temporal resolution less than
a period of the Josephson phase ∆t ∼ 10−9s. While
these conditions pose an experimental challenge we do
not think they are unreasonable and sketch a possible
experimental approach towards their measurement. To
this end, we propose an arrangement along the lines of
Ref. [32] which utilizes an SIS junction as an on-board
spectrum analyzer when capacitively coupled to the com-
ponent of interest. A JJ which intentionally contains im-
purities and with ∆JJ < ∆SIS , will exhibit fluctuations
that dominate those of the SIS junction and which are
modulated by the cos γ(t) dependence. Through the ca-
pacitive coupling, these fluctuations in the JJ would then
subject the SIS junction to microwaves which will induce
quasiparticle tunneling.
The spectrum of these fluctuations may be read by bi-
asing the SIS junction and measuring the resulting quasi-
particle current. As the total current is determined by
the number of microwave photons above the tunneling
energy gap 2∆SIS − eVSIS the spectrum is given by the
change in the quasiparticle current as VSIS is varied. By
tuning VSIS to be sensitive to photons just above the
JJ gap, ~ωg ≈ 2∆SIS − eVSIS and modulating VSIS
at the Josephson frequency ωJ over some small range,
the current through the SIS detector should display hys-
teresis. Finally, by taking advantage of the difference in
the gaps, fluctuations above the JJ gap where quasipar-
ticle currents and the phase dependence are enhanced,
(see Fig. 3) may be measured in the subgap range of the
SIS detector, thus making our predictions accessible. We
then hope our findings will motivate experimental work
to detect this fundamental phenomenon.
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